Motivated by the geometrical interpretation of Brans-Dicke scalar field which may also act as a torsion potential in Lyra geometry, we study the effects of space-time torsion on the dynamics of a collapsing massive star. Taking the matter content as spherically symmetric, homogeneous perfect fluid with the equation of state p = wρ, we show that as long as regularity of the initial data and weak energy condition are satisfied, the space-time torsion may delay the formation of an apparent horizon. It is found that the rate of temporal change of the torsion scalar potential plays the role of a frictional term which makes the collapse to proceed at a slower rate. As a result, a class of collapse models are found for which the apparent horizon fails to appear until the singularity is formed.
I. INTRODUCTION
An important and open issue in relativistic astrophysics is the final fate of a massive star collapsing under its own gravitational attraction. When a star with a mass many times the solar mass exhausts its nuclear fuel, the gravitational force overtakes the hydrostatic repulsive pressure and it starts to shrink and collapse continually without ever reaching a final equilibrium state such as a white dwarf or a neutron star. Under physically reasonable circumstances, the singularity theorems then predict that the space-times describing the solutions to Einstein's field equations will inevitably admit singularities where densities and space-time curvatures get infinitely large and blow up [1] . However, these theorems predict only the existence of singularities and give no information on their nature. Thus, it is crucial to figure out whether, as hypothesized by cosmic censorship conjecture [2] , the resulting singularity is necessarily covered by a space-time event horizon (black hole) or can be observed by an external observer (naked singularity). The latter should, in principle, provide a laboratory for detecting the effects of quantum gravity near extreme regions with ultra small length scales comparable to the Planck length.
Despite lack of any mathematically rigorous formulation describing the cosmic censorship conjecture, several gravitational collapse models have been studied over the past years which exhibit the occurrence of naked singularities as a possible outcome of a collapsing event. The models which have been investigated so far include a wide variety of field sources such as scalar fields [3] , perfect fluids [4] and imperfect fluids [5] . The problem can also be addressed in alternative theories of gravity such as f (R) [6] and Lovelock [7] .
The key feature pertaining to the visibility of a space-time singularity to an external observer is actually the causal structure of the space-time at late stages of the collapse scenario. Therefore, if the collapse dynamics proceeds in such a way that the resulting singularity is dressed up by the causal structure, a black hole develops as the collapse end product. On the other hand, the singularity would be visible if the trapping of light is avoided or, in other words, there exists a congruence of null geodesics emerging from the singularity and reaching a faraway observer.
While mathematically permitted gravitational collapse models respect physical conditions such as validity of the energy conditions and regularity of the initial data, a few of such models may be applicable to a realistic star. Therefore, further physical features which affect the dynamics of a collapsing star is needed to be examined. Among these features, the inhomogeneities and related shearing effects have been vastly studied in the literature [8] . It has been shown that these effects could delay the formation of the apparent horizon, allowing regions of extremely strong gravitational fields to become causally connected to an outside observer.
The major efforts that have been directed on the gravitational collapse of a massive star have focused on the torsion-less space-times, while space-times with torsion have attracted less attention. In the presence of torsion, the connection could be generally asymmetric where its anti-symmetric part determines the torsion. Therefore, the geodesic equation is affected by introducing torsion. While the time-like particles with non-zero spin can directly interact with space-time torsion, the spin-less particles and photons which determine the causal structure of the space-time, interact indirectly through geometry 1 . Intuitively, one may think that the existence of space-time torsion may modify the background space-time and as a consequence affects the dynamics of the collapse in comparison to the case where torsion is absent. Therefore, it may be of great interest to investigate the process of gravitationally collapsing massive object when the effects of space-time torsion as a potential factor are taken into account.
After Einstein's theory of general relativity, Weyl introduced a generalization to the Riemannian geometry in order to unify gravitation and electromagnetism. However, this theory was never studied seriously due to its non-metricity. To cure this defect, a generalization to this theory was suggested by Lyra based on introducing a gauge function into the structure-less manifold [10] . In contrast to Weyl's geometry which is torsion free but not metric compatible, Lyra's connection is metric-preserving but not torsion free. Lyra's action described in section III is striking in the sense that the coupling constants are dimensionless. It conforms to the idea that a fundamental theory has no dimensional coupling and thus is scale invariant.
In Einstein-Cartan Theory, torsion is not a dynamical object in the sense that its equation is purely algebraic and vanishes when the matter fields are absent [11] . On the other hand, in the scalar-tensor theory of Brans-Dicke (BD) [12] , the tensor field alone is geometrized and the scalar field remains alien to the geometry in the sense that the pure geometric essence of general relativity is not shared by the scalar-tensor theories. Lyra's geometry is more in line with Einstein's principle of geometrization, since both the scalar and tensor fields have more or less intrinsic geometrical significance. From this viewpoint the BD theory can be obtained from pure geometry if one takes the fundamental space-time to be the Lyra manifold so that the BD scalar field casts either as the scale factor of Lyra geometry or as the scalar torsion potential [11, 13] . In contrast to the BD theory where the coupling parameter is introduced in an adhoc fashion, when we re-write Lyra's action in terms of the BD action, the origin of the coupling parameter appearing in the theory, which measures the strength of the torsion, is seen to be rooted in the structure of the space-time so that different manifolds will be distinguished through different connections.
This paper is an effort to present an answer to the question that how the Lyra space-time torsion can affect the dynamics of trapped or un-trapped regions with the motivation that Lyra gravity could be a representative of scalartensor theories of gravity which has a significant advantage at very small regions where understanding the physics of black holes, specially the collapse process in our case, are profoundly important in showing the road to the fundamental theory of quantum gravity. The aim of this paper is concentrated on constructing a class of collapse models where the space-time torsion propagates through a scalar potential and affects the collapsing dynamics. We show that the footprint of the torsion can be traced as a frictional factor in the rate of change of the speed of collapse which increases the collapsing time interval (by reducing the speed of the collapse) and eventually retards the formation of the apparent horizon.
The organization of the paper is as follows. After having a glance at Lyra's geometry in section II, we find in section III the field equations and related solutions for a spherically symmetric homogeneous perfect fluid by resorting to its connection to the BD theory. In section IV we first present a quick summary on the formation or otherwise of trapped surfaces during a collapse scenario, using the notion of Misner-Sharp gravitational energy. We then proceed by finding the generalized Misner-Sharp gravitational energy and investigate how torsion could affect the collapse dynamics in relation to the variation of torsion parameter and initial matter density. Conclusions are drawn in the last section.
II. A BRIEF REVIEW OF LYRA GEOMETRY
Let M be an n dimensional differentiable manifold. For any point x i ∈ M , we can introduce a map
. Now let us consider manifold being also endowed at each point of M with a smooth scalar field ψ, called the gauge function, having the dimension of an inverse length. Therefore, at each point the local coordinate system S is defined by the gauge function and a set of coordinates
In fact, the gauge function plays the role of a scaling factor and scales the infinitesimal displacements along a curve so that the natural basis forms would be written as 2) and the natural dual basis vectors will be in the form
The commutator of natural basis vectors in the coordinate system S, contrary to the case in a Riemannian manifold does not vanish and we have
One also has
On this manifold, the metric tensor g : 6) so that its covariant components are determined by g(e α , e β ) = g αβ . The line element is written in the form
This obviously is the first sign of a conformal transformation which we will discuss in section III. Under a transformation of the coordinate system, the natural basis vectors transform as 8) where M α α is a combined gauge and coordinate transformation
We therefore have 11) with the line element being an invariant under the coordinate transformations. The partial derivatives of a tensor, as in Riemannian geometry, does not behave as a tensor. We then need to define a covariant derivative (2.12) which satisfies the two following properties (2.14) where X, Y ∈ T (M ) and f is an element of the set of smooth scalar functions on M . We also demand that ∇ preserves the metricity condition 15) such that lengths are preserved under parallel transport. The torsion in a Lyra manifold is given by [13] T 16) where G α are C k (k > 1) functions which satisfy G β = g αβ G α and m is a constant. Relations (2.15) and (2.16) uniquely determine the connection [14] , which in a coordinate basis is defined as 17) where l is a constant and { µ αβ } is the Christoffel symbol. Now, the metricity condition can be rewritten in the form
The terms on the left hand side of the equation (2.16) can be expanded componentwise
Inserting equations (2.17) and (2.19) into (2.16) we find
(2.20)
The Lyra connection may now be rewritten in the form
where s is a constant given by
Now, we can readily write the torsion tensor as
In analogy to the Riemannian case, the Lyra curvature tensor can be defined as
whence using equation (2.21), one finds 
Therefore, the Lyra curvature scalar reads 27) where is Riemann-Christoffel d'Alembert operator.
III. CONNECTION OF LYRA GEOMETRY TO BRANS-DICKE THEORY
In this section we show that the field equations of Lyra geometry is equivalent to the BD ones. To do so, we begin with constructing the action of gravitational theory based on Lyra's manifold. The volume element can be written in the form (from now on we proceed in n = 4 space-time dimension)
The Lyra's gravitational action is constructed, by analogy to the Riemannian case, as 2) where S m stands for the action for matter fields. Invoking equation (2.27 ) and eliminating the total divergence terms, we obtain the BD action
where we have set ψ 2 = φ and ω = 3 2 (s 2 − 1) being the BD coupling parameter. Extremizing the above action one gets the modified BD field equations as 5) where T m stands for the trace of the energy-momentum tensor of matter fields including only the spinless particles (in the presence of spin-torsion interactions, an additional term from spin density comes into play through evolution equation for torsion potential [13] ) and we have set G = c = 1. We note that the condition s 2 ≥ 0 restricts the BD coupling parameter to be greater than or equal to −3/2 where the case, s = 0 (ω = −3/2), has been excluded for which the torsion potential is non-dynamical, the corresponding space-time torsion disappears and the Cauchy problem for various types of matter is ill-posed [15] .
A. A Solution to Modified Brans-Dicke Field Equations
Since the interior region is dynamical we parameterize the line element in comoving coordinates as 6) where R(τ, r) = ra(τ ) is the physical area radius of the collapsing volume and τ is the comoving time. We take the matter energy-momentum tensor to be that of a perfect fluid with the barotropic equation of state p = wρ as
where ρ m and p m are the energy density and the pressure of the perfect fluid respectively. Inserting metric (3.6) into the field equations (3.4) and (3.5) one finds three independent equations 10) where
a(τ ) . Substituting forφ φ from (3.10) into equation (3.9) and after a bit of rearrangement, we obtain 3.12) where the conservation of ordinary matter energy-momentum tensorρ m + 3H(ρ m + p m ) = 0 has been considered and ρ 0m is the initial profile of the energy density at initial hypersurface from which the collapse commences. Solving the above set of differential equations we have 14) where C 0 is the integration constant. Since we are concerned with a collapsing configuration, equation (3.13) with the minus sign which measures the rate of decrease of the area radius will be used throughout this paper. It is easy to solve equation (3.13) to find the scale factor as a function of the comoving time
where a 0 and τ 0 are the initial values of the scale factor and comoving time respectively. The singular epoch corresponding to a vanishing scale factor is given by
Thus, the collapse reaches the singularity at the finite amount of comoving time.
IV. GRAVITATIONAL COLLAPSE A. A short review
In this subsection we first give a brief review on active gravitational energy and next proceed with examining our solution in a spherically symmetric continual gravitational collapse. Basically, it is the structure of trapped surfaces during the collapse procedure that decides the visibility or otherwise of the space-time singularity. These surfaces are defined as compact two-dimensional (smooth) space-like surfaces such that both families of ingoing and outgoing null geodesics normal to them necessarily converge [16] . A point is considered in the trapped region if there exists a trapped surface surrounding that point where the trapped region is defined as the union of all trapped surfaces. The interior space-time (3.6) can be split into surface of a 2-sphere and a two dimensional hyper-surface normal to the 2-sphere as [17] 
Introducing the null coordinates
the above metric can be re-written in a double-null form
3)
The radial null geodesics are given by the condition ds 2 = 0. Thus there exists two kinds of future-directed null geodesics corresponding to ζ + = constant and ζ − = constant, the expansions of which are given by 4) with the partial derivatives taken along the null coordinates
The expansion parameter measures whether the congruence of null rays normal to a sphere is diverging (θ ± > 0) or converging (θ ± < 0), in other words, the area radius along the light rays is increasing or decreasing, respectively. The space-time is referred to as trapped, untrapped and marginally trapped if (4.6) respectively, where the third class characterizes the outermost boundary of the trapped region, the apparent horizon. From equation (4.4) one can easily check that h µν ∂ µ R(τ, r) ∂ ν R(τ, r) = −R(τ, r) 2 θ + θ − /2, thus the apparent horizon curve is simply given by the conditionṘ(τ, r) 2 = 1. In other words, the vector ∂ µ R is space-like (time-like) in untrapped (trapped) regions and null on the apparent horizon. The Misner-Sharp gravitational energy in Einstein gravity may be defined as [18] E(τ, r) = R(τ, r)
It is worth mentioning that in modified theories of gravity the (generalized) Misner-Sharp energy will admit corrections due to the new terms which are introduced [19] . Now, the above expression shows that it is the ratio 2E(τ, r)/R(τ, r) that governs the formation of trapped surfaces during the collapse scenario in that if the condition 2E(τ, r) < R(τ, r) holds then no trapping of light happens and the apparent horizon characterized by 2E(τ AH , r) = R(τ AH , r) is not formed early enough before the singularity formation, or is totally avoided (τ s < τ AH ). In this situation the light rays are allowed to escape toward a neighboring observer (locally naked singularity) or an asymptotic one (globally naked singularity). For 2E(τ, r) > R(τ, r), trapped surfaces do form throughout the evolution of the collapse, leading to the convergence of both the ingoing and outgoing families of null trajectories emerged from a point existing in the trapped region. Thus, the apparent horizon forming early enough before the singularity formation produces a black-hole in the space-time (τ s > τ AH ).
B. The Generalized Misner-Sharp Energy and Dynamics of Apparent Horizon
In order to find the generalized Misner-Sharp energy in BD model we follow the method suggested in [19] using the unified first law of thermodynamics. Upon using this method the field equations can be rewritten as (4.8) where A = 4πR(τ, r) 2 is the area of the sphere with physical radius R(τ, r), V = (4π/3)R(τ, r) 3 is its volume, W is the work density
is the energy supply vector. It is straightforward to show that
where
2 Note that, the objects θ + and θ − are not geometrically invariant since the null coordinates ζ + and ζ − can be arbitrarily rescaled as
). An invariant object is the combination θ + θ − .
For dE to be a total differential the following integrability condition has to be satisfied (4.12) whence the Misner-Sharp energy can be obtained as
It is worth noting that equation (3.10) implies the satisfaction of the integrability condition. Substituting the expressions (4.10) and (4.11) into the above equation and taking into account the fact that A(τ, r) and B(τ, r) are separable functions of r and τ , we arrive at the following equation for the generalized Misner-Sharp energy
Therefore one can find
Rewriting the above equation in terms of the invariant quantity θ + θ − , one has
where 18) which, for the solutions obtained from equation (3.14), reads P s (a) = s 2 /s 2 − 1. Thus the space-time is trapped, untrapped or marginally trapped if 19) respectively. Using equations (3.13), (3.14) and (4.16) it is easy to find the ratio of twice the Misner-Sharp energy to the physical radius and BD scalar field as functions of τ and r
The solution (3.15) exhibits a curvature singularity, a point at which both Lyra-Kretschmann scalar (see appendix A) and the effective energy density (3.8) diverge. Then, in order to determine whether such a singularity is hidden behind a horizon or not one needs to investigate the behavior of trapped surfaces during the dynamical evolution 3 Since dE is a total differential
is another solution for the Misner-Sharp energy equivalent to equation (4.14) . The allowed values of the barotropic ,w, and torsion ,s, parameters. For a specified initial value of the energy density, each point in the dark region corresponds to a solution for which the scale factor vanishes at a finite amount of time.
of the collapse procedure. We first note that the regularity condition needs to be satisfied which states that there should not be any trapping of light at the initial hypersurface from which the collapse begins, 2E/R| τ0 < φP s (a)| τ0 . Eventually, if the second part of equation (4.19) holds throughout the collapse till the singular epoch τ s is reached, the space-time becomes untrapped and a naked singularity may form as the outcome. If there is a time τ AH for which the first part of equation (4.19) holds then the trapped surfaces would form and the resulting singularity will be necessarily covered. We summarize the results including the above considerations in table (I) for different known types of matter fluid (dust, radiation, stiff fluid, cosmic strings and domain walls) for allowed values of s. According to equation (3.15) the allowed values of w and s are determined in the sense that the scale factor vanishes at a finite time as depicted in Figure 1 . From the third part of equation (4.19) one finds the time at which the apparent horizon forms
The behavior of the ratio 2E/RφP s (a) in terms of the proper time τ is shown in Figure ( 2) for allowed parameters regarding table (I). Some remarkable points can be deduced from this figure as follows
• Solutions for which the space-time is un-trapped through the whole duration of the collapse occur for some negatively pressured ordinary matter contents for admissible values of s and ρ 0m . Domain walls are known to behave in this manner.
• For a fixed value of w, the larger the initial energy density the sooner the apparent horizon forms. Conversely, increasing the value of s for as small a value as that of the energy density, the apparent horizon is delayed to form. To clarify the situation let us have a more detailed look at the rate of change of the speed of collapse. From equations (3.13) and (3.14) , the rate of the collapse can be easily read off as
whence one hasä
The above equation can be re-written as a Although the dynamics of collapse exhibits the absence of trapped surfaces, the Lyra-Kretschmann scalar converges at the singularity epoch.
The coefficient ofȧ plays the role of a frictional or anti-frictional term depending on its sign to be positive or negative, respectively. Since for s > 1, the time derivative of the torsion potential is negative,φ < 0, this term acts as friction, making the collapse to decelerate and delays the formation of the apparent horizon. To discuss the problem in a concrete manner, we write the acceleration of the collapse as
For the same initial value of the energy density, as s increases the magnitude of the negative acceleration decreases which shows that the collapse continues at a slower rate, leading to late apparent horizon formation; lower left plot in Figure 2 for whichä(τ 1AH ) = −2.37 andä(τ 2AH ) = −1.15.
• For fixed values of s and ρ 0m , as the value of w becomes more negative, more time is needed for the apparent horizon formation, as in GR; lower right plot in Figure 2 .
V. CONCLUSION
Beside the cosmological models based on Lyra's geometry [20] we have obtained a class of solutions in this context which describe the process of gravitational collapse of a massive body. The action integral in Lyra manifold constructed by Lyra curvature scalar can be suitably rewritten as that of Brans-Dicke theory where the BD scalar field arises as a pure geometrical object, a potential for the space-time torsion. Having taken a spherically symmetric homogeneous perfect fluid as the matter content which evolves in the torsion potential, we have shown that the time variation of the torsion potential may behave as a frictional term in the equation governing the rate of collapse (4.25) so that the collapse continually decelerates; this behavior can also be seen from equation (4.26) . The dynamics of the apparent horizon may be influenced as a consequence of generalization of the Misner-Sharp energy in the presence of torsion. It was also shown that the space-time torsion may delay formation of the apparent horizon.
The study of the effects of inhomogeneous torsion potential and the intrinsic angular momentum density of spinning fluids on the collapse dynamics and the time evolution of the apparent horizon may be of great interest which is currently under consideration. The behavior of 2E/R and φPs(a) as functions of τ . Upper left figure, the ratio 2E/RφPs(a) (solid and dashed or dotted-dashed lines correspond to 2E/R and φPs(a) respectively) for w = −2/3 and s = 1.7 stays less then unity till the singular time τs = 4.15. We have set ρ 0m = 0.01, t0 = 0, a0 = 1, C0 = 1 and use is made of the scaling freedom for the initial radial comoving coordinate to write R(a(τ0), r) = r = 1. Upper right figure, apparent horizon formation for w = 0, s = 1.3 at τAH = 0.36. The initial data is set as ρ 0m = 0.09, t0 = 0, a0 = 1, C0 = 1 and r = 1. Lower left figure, effects of variation of s parameter on delay in the apparent horizon formation for small enough but the same initial value of energy density (ρ 0m = 0.06) and w = 0. τ1AH and τ2AH correspond to s = 1.4 and s = 3, respectively. Lower right figure, effect of variation of equation of state parameter w on the apparent horizon formation for constant s = 1.3 and ρ 0m = 0.09. τ which for the space-time given by metric (3.6) can be computed as 
